A method of evaluation of ordered categorical responses is presented. The probability of response in a given category follows a normal integral with an argument dependent on fixed thresholds and random variables sampled from a conceptual distribution with known first and second moments, a priori. The prior distribution and the likelihood function are combined to yield the posterior density from which inferences are made. The mode of the posterior distribution is taken as an estimator of location. Finding this mode entails solving a non-linear system ; estimation equations are presented. Relationships of the procedure to "generalized linear models" and "normal scores are discussed. A numerical example involving sire evaluation for calving ease is used to illustrate the method. 
I. Introduction
Animal breeding data are often categorical in expression, i.e., the response variable being measured is an assignment into one of several mutually exclusive and exhaustive response categories. For example, litter size in sheep is scored as 0, 1, 2, 3 or more lambs born per ewe exposed to the ram or to artificial insemination in a given breeding season. The analysis may be directed to examine relationships between the categorical variate in question and a set of explanatory variables, to estimate functions and test hypotheses about parameters, to assess the relative importance of different sources of variation, or to rank a set of candidates for selection, i.e., sire or dam evaluation.
If the variable to be predicted, e.g., sire's genetic merit, and the data follow a multivariate normal distribution, best linear unbiased prediction (H ENDERSON , 1973 ) is the method of choice ; a sire evaluation would be in this instance the maximum likelihood estimate of the best predictor. Categorical variates, however, are not normally distributed and linear methodology is difficult to justify as most of the assumptions required are clearly violated (T H O MPSON , 1979 ; .
If the response variable is polychotomous, i.e., the number of response categories is larger than 2, it is essential to distinguish whether the categories are ordered or unordered. Perhaps with the exception of some dairy cattle type scoring systems, most polychotomous categorical variables of interest in animal breeding are ordered. In the case of litter size in sheep, for example, the response categories can be ordered along a fecundity gradient, i.e., from least prolific to most prolific. Quantitative (D EMPSTER and L ERNER , 1950 ; FALCONER, 1965 FALCONER, , 1967 . With this model, it would be possible to score or scale response categories so as to conform with intervals of the normal distribution (K ENDALL and S TUART , 1961 ; S NELL , 1964 ; G IANOLA and NORTON, 1981) and then applying linear methods on the scaled data. One possible set of scores would be simple integers (H A R VEY , 1982) although in most instances scores other than integers may be preferable (S NELL , 1964) .
Additional complications arise in scaling categorical data in animal breeding. The error and the expectation structures of routinely used models are complex, and the methods of scaling described in the literature are not suitable under these conditions. For example, applications of Snell's scaling procedure to cattle data (T ON G et al. , 1977 ; F ER -NANDO et al., 1983) In this paper, we characterize the posterior density with a point estimator, its mode. The mode is the function of the data which minimizes the expected posterior loss when the loss function is where E is a positive but arbitrarily small number (P RA TT, R AIFFA and S CHLAIFER , 1965). The mean and the median are the functions of the data which minimize expected posterior quadratic error loss and absolute error loss, respectively (F ERGUSON , 1967 (D EMPSTER and L ERNER , 1950 ; CuRtvow and SMITH, 1975 ; B ULMER , 1980 ; G IAN O LA , 1982) Several authors (e.g., A SHTON , 1972 ; BoCK, 1975 ; G IANOLA and F OULLEY , 1982) have approximated the normal integral with a logistic function. Letting we have
It follows that
For -5<tk-!Lj<5, the difference between (12) and 4 $(t k -> j ) does not exceed .022 (JoHrrsoN and K OTZ , 1970) . In this paper, formulae appropriate for both the normal and the logistic distributions are presented.
Irrespective of the functional form used to compute P ik , it is clear from (10) (24), (27) and (28) are where v * is a s x 1 vector with typical element
Note that c jk (l-c jk ) in the logistic case replaces <!>(t k-I-l j ) which appears when the normal distribution is used. with t, (3 and u estimated from (52), and t lj calculated from [3 and Û. While 0 is the mode of the posterior density of 0, it does not follow that f(9) is the mode of the posterior of f(9).
Only the median of the posterior is known to have this desirable invariance property (D E G ROOT , 1982) . However, if the posterior is symmetric and unimodal, the median, the mode and the mean of this density will be the same.
Cox and H INKLEY (1974) [X'l'-' 'h'l'-' 11 ' to -N(0,1) . Now, if the response is in the k th category, using the notation of this paper :
Since K ENDALL and S TUART have considered a single population, i.e., only one 1-'-, their &dquo;normal score&dquo; is the residue in (66). Further However Using (68) in (67) Completing the integration, (69) becomes
The meaning of (66) and (70) in relation to the method discussed in this paper becomes clear when a binary response is considered. Using the notation of the previous section where !(y) is a standard normal density. Then, using (66) Similarly, using (70) In the binary case, Vj of (27) can be written as so ii i is the sum of &dquo;normal scores&dquo; for the j lh row of the contingency table. Likewise, Wjj of (49) can be written as which is the sum of variances of &dquo;normal scores&dquo; for the individuals in the j th row. This is so because the mean &dquo;normal score&dquo; is P jl i!, + P j2 i!Z = 0.
Hence, equations (61) and (62) (1976) in a discussion of sire evaluation for calving ease was employed to illustrate the procedures described in the present paper. The data consisted of calving ease scores from 28 male and female calves born in 2 herd-years from heifers and cows mated to 4 sires. Calving ease was scored as a response in one of 3 ordered categories (1 : normal birth ; 2 : slight difficulty, and 3 : extreme difficulty). The data, arranged into a 20 x 3 contingency table are presented in Table 2 . It should be emphasized that the records could have been arranged as a 28 x 3 contingency table without changing the final results. As indicated in Table 3 , about 68 % of the records were classified as easy calvings, 18 % as slightly difficult and about 14 % as decidedly difficult calvings. The four sires differed considerably in the distribution of calving ease scores. For example, while sires 1 and 4 had about the same proportion of easy calvings, they were markedly dissimilar with respect to the distribution of records in categories 2 and 3. However, and aside from sample size, the distribution of records by herd-years, cow age and sex were also different for these two sires illustrating the difficulties and pitfalls involved in ranking sires on the basis of raw frequencies. Model. The model for the parameter T lj in (7), with j=1,...,20 indicating the j th row of Table 3 was where H k is the effect of the k th herd-year (k= 1,2), A e is the effect of the e lh age of dam (t°=1,2 for heifers and cows, respectively), S m is the effect of the m th sex (m= 1,2 for males and females, respectively) and u. is the effect of the n th sire of calf (n=1,...,4). In particular, it should be noted that the contrasts A z -A l (cows-heifers) and S 2 --S l (females-males) were estimated as negative, i.e., the probability of difficult calving for male calves and heifer calvings would be higher than for female calves and cows, respectively. This is in agreement with what one would expect from previous knowledge on the subject.
In animal breeding practice, the interest centers on estimation of response probabilities associated with specific linear combinations of parameters. For example, one may wish to calculate the probability of the event that a male calf out of the mating of the i th bull to a heifer in herd I, will experience a difficult birth (category 3). This is calculated as When this was applied to the four sires, the probability distribution by category of response was :
Under artificial insemination, it is of interest to evaluate sires under more general conditions. For example, one may consider to estimate, for each sire, the probability distribution for heifer calvings across herds and sexes. For the first category, the four elementary probabilities would be Then we can weigh these probabilities as such that S S a km = all+a lZ +a Zl +a 22 = 1. In the example and taking a, I =a l2 =a 2l =a 22 = k m 1/4, this yields for the three categories.
These estimates of probability are very different to the ones obtained on the basis of raw frequencies (Table 3) are eliminated as the procedure adjusts automatically for differences in incidence among subpopulations considered in the analysis. In addition, the method can be further generalized to take into account the effect of concomitant variables, e.g., birth weight, on response probabilities. This will be reported in a future communication.
The estimation equations derived in this paper from a Bayesian viewpoint are equivalent to the extension of &dquo;generalized&dquo; linear models for all or none variables suggested by T HOMPS ON (1979) , and to the approach presented by HnRVmLE and M EE (1982) in a !maximum probability&dquo; estimation setting. Further, the method can be regarded as an algorithm to calculate &dquo;normal scores&dquo; as these appear naturally in the estimation equations.
In view of the computational requirements of the method, it is pertinent to address the question of how much better this non-linear predictor would be than standard linear model techniques (B ERGER and FREEMAN, 1978) . This is currently being examined via Monte-Carlo methods. However, the work of PORTNOY (1982) Accepted January 31, 1983. 
